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Do not separate this page from the problem pages.

Fill out and turn in at the end of the exam.

Student
Fill in your S-#

The exam is closed book. Use only the paper provided and make sure that each page

is signed with your S-number. Do not write answers to different problems on the same

page. Mark each page with the problem number. Staple separately your answers to each

problem.

The problems are divided into two groups. Solve

Group A: all 4 problems

Group B: 3 problems of your choice

Do not turn in more than the above number (4 + 3 = 7) of problems.

The total time allowed 3 hrs.

Please, indicate problems in Group B you are turning in

⊔⊓ B.1 ⊔⊓ B.2 ⊔⊓ B.3

⊔⊓ B.4 ⊔⊓ B.5 ⊔⊓ B.6



Group A. Solve all 4 problems

A.1. (Classical Mechanics)

A point particle of mass m and angular momentum ℓ is moving in a field of central

force with a potential U(r). The orbit of the particle in polar coordinates is given by

r(θ) = a(1 + cos θ) .

(i) Determine the potential U(r). Normalize it such that U(r → ∞) = 0.

(ii) Does the potential U(r) admit a circular orbit? If so, is that orbit stable?

A.2. (Electricity and Magnetism)
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Two parallel disks of radius R and separation d (d ≪ R) form a capacitor. It is

hooked up to an ac voltage source V (t) = V0 cosωt. A small rectangular wire loop is

placed inside the capacitor. The plane of the loop is perpendicular to the capacitor plates,

and it is centered exactly on the symmetry axis, as shown in the figure. The loop has sides

of lengths a and b (a, b≪ R). You may neglect the loop’s inductance as well as radiation

effects.

(i) What is the direction and magnitude of the magnetic field induced between the plates?

(ii) What is the emf induced in the loop?

Hint: It may help if you begin qualitatively by figuring out what field generates the magnetic

field, what can generate the emf in the loop, what the directions of the various fields are, etc.



Group A. Solve all 4 problems

A.3. (Quantum Mechanics)

The Hamiltonian of a two-state system is

Ĥ = h̄ωσx ,

where σx is one of the Pauli matrices. The Schrödinger equation

ih̄
d

dt
|ψ(t)〉 = Ĥ|ψ(t)〉 ,

is solved by the evolution operator

Û(t) = exp

(
−
i

h̄
Ĥt

)
,

using

|ψ(t)〉 = Û(t)|ψ(0)〉 ,

where |ψ(t)〉 is the state of the system at time t, and |ψ(0)〉 is the initial state at t = 0.

(i) Calculate explicitly the 2 × 2 matrix of the evolution operator Û(t).

(ii) Suppose that at time t = 0 the system is in the state

|ψ(0)〉 =

(
1
0

)
.

What is the probability that at time t the system will be found in the state

|φ〉 =

(
0
1

)
.

Hint: The Pauli matrices are

σx =

(
0 1

1 0

)
, σy =

(
0 −i

i 0

)
, σz =

(
1 0

0 −1

)
.



Group A. Solve all 4 problems

A.4. (Thermodynamics)
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The figure above represents an imaginary ideal gas engine cycle. Compute the thermal

efficiency η,

η ≡
W

Qa

= 1 −
Qe

Qa

,

where

Qa = amount of heat absorbed by the system during one complete cycle,

Qe = amount of heat emitted by the system during one complete cycle,

W = amount of work done by the system during one complete cycle.

Express η in terms of P2, P3, V1, V2, and the adiabatic constant γ = cP /cV . Note that

the heat capacities cV and cP do not depend on the temperature.



Group B. Choose 3 out of 6 problems

B.1. (Statistical Physics)

Suppose that the average number of particles 〈N〉 and the chemical potential µ of a

system are related by

µ = −
akBT

〈N〉
,

where a is a constant, kB is the Boltzman constant, and T is the temperature of the system.

Show that the relative mean square fluctuations for the system are given by

〈N2〉 − 〈N〉2

〈N〉2
=

1

a
.

B.2. (Condensed Matter)

Consider a uniform one dimensional wire with periodic boundary conditions having a

dispersion relationship given by E = Ak2. Calculate the electron density per unit length

assuming that the +k states are filled up to energy µ1, while the −k states are filled up

to energy µ2. Temperature is assumed to be 0 K. What is the current?

B.3. (Experimental Physics)

In scanning tunneling microscopy, when a conducting tip is brought very near to a

metallic surface, a bias between the two allows electrons to tunnel through the vacuum

between them. Describe how you would use this technique to characterize the work function

of a metal.

B.4. (Special Relativity)

A particle of mass m and charge e is accelerated for a time t by a uniform electric

field E from rest to a velocity not necessarily small compared with c.

(i) What is the momentum of the particle at the end of the acceleration time.

(ii) What is the velocity of the particle at that time?

(iii) The particle is unstable and decays with a lifitime τ in its rest frame. What lifetime

would be measured by a stationary observer who observed the decay of the particle

moving uniformly with the above velocity?



Group B. Choose 3 out of 6 problems

B.5. (Particle Physics)

Consider the following high-energy reactions of particle decays:

1. π0 → γ + γ + γ

2. π0 → γ + γ

3. π+ → µ+ + νµ

4. π+ → µ+ + ν̄µ

5. n → p+ e− + νe

6. n → p+ e− + ν̄e

7. n → p+ γ

8. n → p+ π−

9. K− → π0 + e−

10. Λ0 → K0 + π0

Indicate in each case: (a) whether the decay is allowed or forbidden, (b) a reason if

forbidden, (c) the type of interaction if allowed (e.g., strong, weak, electromagnetic, etc.).

B.6. (Mathematical Methods)

A n×n complex matrix T is called normal if it commutes with its hermitian conjugate,

[ T , T
† ] = 0 .

(i) Show that any hermitian matrix is normal and any unitary matrix is normal.

(ii) Prove that any normal matrix, T, can be diagonalized, hence it is of the form

T = U D U
† , (1)

where D = diag(λ1, λ2, . . . , λn) is a complex diagonal matrix and U is some unitary

matrix.

Hint: Note that T can be represented as a sum T = H1 + i H2 , where H1 = 1

2
(T + T

†) and

H2 = −

i

2
(T−T

†) are hermitian matrices. Here and in the following you can use standard facts

about diagonalization of hermitian matrices and properties of their eigenvalues/eigenvectors.

(iii) Show that the eigenvectors of a normal matrix corresponding to distinct eigenvalues

are orthogonal.

(iv) What are the conditions on the eigenvalues λ1, . . . , λn under which

− T is hermitian?

− T is unitary?

− T is invertible?
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Do not separate this page from the problem pages.

Fill out and turn in at the end of the exam.

Student
Fill in your L-#

The exam is closed book. Use only the paper provided and make sure that each

page is signed with your number. Do not write answers to different problems on the same
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⊔⊓ II-1 ⊔⊓ II-2 ⊔⊓ II-3 ⊔⊓ II-4



II-1. (Classical Mechanics)

g

Two equal masses are suspended by weightless rigid rods of length ℓ. The masses are

also connected by a weightless spring of spring constant k and unstretched length d. The

motion is limited to the vertical plane as shown in the figure.

(i) (2 pts) Find the kinetic and the potential energy of the system and write down its

Lagrangian.

(ii) (3 pts) Write down the Hamiltonian if the system is subject to small oscillations.

(iii) (3 pts) Find a canonical transformation such that the Hamiltonian becomes separable

(show the transformation is indeed canonical.) What are the characteristic frequencies

of this system?

(iv) (2 pts) Find the eigenfrequencies of the normal modes for this system using other

method of your choice. Compare your results with the ones from part (iii). Describe

qualitatively each normal mode with a simple sketch.



II-2. (Mathematical Methods)
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Recall the definition of the complex mapping

z −→ w = zα ≡ eα ln z , z ∈ C ∪ {∞} ,

for an arbitrary complex exponent α. Unless α is an integer, the mapping is multivalued.

In order to define a single valued function (a single valued branch), one introduces a branch

cut, which is used to assign unambiguous phase to each z 6= 0. In general, different choices

of the branch cut lead to different single valued functions.

(i) (3 pts) Consider two different single valued branches of w = z1/2, with the branch

cuts slightly below the positive real axis and slightly above the negative real axis as

in Figs 1a and 1b, respectively. In each case the phase of z = 1 is set to 0. For each

of the branches 1a and 1b evaluate the real and imaginary parts of

(i)1/2 , (−1)1/2 , and (−i)1/2 ,

where i =
√
−1 is the imaginary unit.

(ii) (7 pts) Consider a definite real integral

I(a) =

∫ ∞

0

xa−1

x2 + 1
dx ,

where a is a real parameter. What is the range of a for which the integral is convergent?

Using integration along a contour of the type shown in Fig. 2, where the branch cut

is placed along the positive real axis, prove that

I(a) =
π

2
csc

(πa
2

)
.

Explain carefully all the steps in your calculation.



II-3. (Electricity and Magnetism)

Two flat conducting plates are parallel and separated by a distance L. One plate

occupies the plane z = 0, and the other plate occupies the plane z = L. The electrostatic

potential Φ equals zero in both plates. A single point charge q is placed between the plates

at the point (x = 0, y = 0, z = d), where 0 < d < L.

(i) (7 pts) Find an expression for the electrostatic potential Φ everywhere between the

plates 0 < z < L as a Fourier integral using rectangular coordinates x, y, z. The

potential Φ has the form

Φ(x, y, z) =

∫ ∞

−∞

dk

∫ ∞

−∞

dℓ eikx+iℓyf(k, ℓ, z) .

(ii) (1.5 pts) Using Φ from part (i) find a Fourier integral expression for the charge density

σ(x, y) on the metal surface at z = L.

(iii) (1.5 pts) Integrate the result from part (ii) to find the total charge

Q =

∫ ∞

−∞

dx

∫ ∞

−∞

dy σ(x, y) ,

on the metal surface at z = L.

Hint: ∫
∞

−∞

e
ikx = 2π δ(x) .



II-4. (Quantum Mechanics)
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The motion of an electron in a one-dimensional crystal can be modelled by an idealized

periodic delta function potential

V (x) =
h̄2v

ma

∞∑

n=−∞

δ(x− na) ,

with some period a as shown in the figure. The wave function, ψ(x), of the electron

with energy E = h̄2k2/(2m), k 6= 0, can be obtained by gluing together solutions to the

Schrödinger equation in the valleys where V (x) = 0. In particular, in the nth valley,

ψ(x) = ψn(x) , na < x < (n+ 1)a ,

where

ψn(x) = Ane
ik(x−na) +Bne

−ik(x−na) ,

for some complex coefficients An, Bn. The wave function, ψ(x), is continuous for all x,

but its derivative, ψ′(x), is discontinuous at x = na.

(i) (3 pts) Use the Schrödinger equation to show that the discontinuity of ψ′(x) at x = na

is given by

lim
ǫ→0+

(
ψ′(na+ ǫ) − ψ′(na− ǫ)

)
=

2v

a
ψ(na) .

(ii) (3 pts) Write down the boundary conditions that relate (An, Bn) and (An+1, Bn+1)

for two neighboring valleys. Express your answer in the matrix form

(
An+1

Bn+1

)
= T

(
An

Bn

)
, T =

(
α β
β∗ α∗

)
.

Compute the parameters α, β in terms of the parameters a and v in the potential and

the wave number k. Is there a simple physical reason that T does not depend on n?

Verify that detT = 1.

[continued on the next page]



(iii) (4 pts) Let λ+ and λ− be the eigenvalues of T. Since detT = 1, we have λ+λ− = 1.

In addition, one can show that λ+ and λ− must be pure phases, i.e.

λ+ = e+iφ and λ− = e−iφ ,

for some angle φ. Use those properties of λ+ and λ− (you do not need to prove them)

to show that the allowed values of k must satisfy

| cos ka+
v

ka
sin ka| < 1 .

Discuss the structure of the resulting spectrum of allowed energies of the electron.

How does the spectrum look like in the limit of very high energies? Is the result

consistent with your intuition about the energy spectrum in that limit?

Hint: Consider TrT.
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